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L. A. Goldberg (thesis, Univ. of Illinois, Urbana, 1981) discovered some three- 
term and mixed three-term relations for Hardy sums. His proofs are based on 
Berndt’s transformation formulae for the logarithms of the classical theta functions. 
In this paper, we give elementary proofs for all of Goldberg’s results and also prove 
some new three-term relations for Dedekind sums. (“ 1987 Academic Press, Inc 
1. INTRODUCTION 
In the customary notation 
if x is not an integer and 
otherwise 
where [x] denotes the largest integer 6.x. 
If h and k are integers with k > 0, the Dedekind sum s(h, k), arising in 
the theory of the Dedekind Eta function, is defined by 
The most important property of Dedekind sums is the following reciprocity 
theorem due to Dedekind [ 111. If h and k are positive and (h, k) = 1, then 
s(h, k)+s(k, h)= -;+A(;+;+;). (1.1) 
For various proofs of ( 1.1) which do not depend on the theory of the 
q-function, we refer to Rademacher and Grosswald [18], Berndt [24], 
Dieter [ 133, and R. Sitaramachandrarao [19] (See also Sect. 4 of this 
paper). 
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In 1954, Rademacher [17] proved the three-term relation 
s(bc’,u)fs(ca’,b)+s(ab’,c)= -f+k ( ;+i+; > (1.2) 
where 
(a, b) = (b, c) = (c, a) = 1 
(1.3) 
au’ E 1 (mod hc), bb’ E 1 (mod cu), cc’ E 1 (mod ub). 
It is easy to see that (1.2) in case c = 1 reduces to (1.1). Dieter [ 123 and 
Berndt [4] gave proofs of (1.2) under the weaker hypotheses 
(a, b) = (b, c) = (c, a) = 1 
au’ = 1 (mod b), bb’ = 1 (mod c), 
(1.3’) 
cc’ z 1 (mod a). 
Hardy [ 151 seems to be the first to give a proof of (1.1) which does not 
depend on the theory of the q-function. In fact, Hardy, using contour 
integration, proved two reciprocity theorems in detail and stated, at the 
end of the paper with indications of proofs, eleven more reciprocity 
theorems. One of these is the reciprocity theorem for Dedekind sums (cf. 
[IS, Eq. (iii), p. 1221). 
In recent years, Berndt [S] and Goldberg [ 141 rediscovered live of 
Hardy’s reciprocity theorems (capsulized into four). In fact, Berndt and 
Goldberg deduced these from Berndt’s transformation formulae [.5] for the 
logarithms of the classical theta-functions &(O, q), 8,(0, q), and 0,(0, q) (cf. 
[2 1, Chap. 211). In [ 141, Goldberg also discovered three-term and mixed 
three-term relations involving these sums which correspond to (1.2). 
The object of this paper is to give elementary proofs of all of Goldberg’s 
three-term and mixed three-term relations for Hardy sums. Our proofs are 
based on a three-term relation for polynomials. This is deduced from a 
general summation formula for which we give a lattice point theoretic 
proof. This is an extension (to 3-dimensions) of a well-known idea of 
Eisenstein for counting the lattice points in a rectangle. We also prove 
some new three-term relations for Dedekind sums (see (3.6), (3.13), and 
(3.14)). 
2. PRELIMINARIES 
In defining Hardy sums and stating Hardy’s reciprocity theorems, we 
will use the notation of Berndt and Goldberg [7]. If h and k are integers 
with k > 0, the Hardy sums are defined by 
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k-l 
S(h,k)= C (-l)i+l+CWkl, s,(h,k)= i (-l)Cb’k’ t , 
j= I /=I (( ‘I) 
s,(h,k)= i (-1)’ j=, ((3)((g)* 
k- I 
s,(h, k) = 1 ( - 1 pk’, 
j= I 
s,(h,k)= i (-ly+[hJlkl ; . 
,= I (( 1) 
THEOREM 2.1 (Hardy’s reciprocity theorems). Let h and k be coprime 
positive integers. Then 
S(h, k) + S(k, h) = 1 
s (h k)-2s,(k, I 2 
2s,(h, k) - s,(k, h) = 1 -$ 
s,(h,k)+s,(k,h)=;-& 
if h+kisodd (2.1) 
if h is even, (2.2) 
if k is odd, and (2.3) 
if h and k are odd. (2.4) 
Remark 2.1. The reciprocity theorems (2.1) through (2.4) appear in 
Hardy’s [ 151 list, respectively, as Eqs. (viii), (vii), (vi)-(vi’), and (ix) on 
pages 122-123. Berndt [S] deduced (2.1) (2.2) and (2.3) and Goldberg 
[14] deduced (2.4) from Berndt’s transformation formulae [S]. For other 
proofs which do not depend on transformation theory, we refer to Apostol 
and Vu [l], Berndt and Goldberg [7], Berndt and Dieter [6], Dieter 
[ 131, Sitaramachandrarao [ 191, and Davis and Sitaramachandrarao [lo]. 
It may be noted that Sitaramachandrarao [ 191 expressed, using elemen- 
tary arguments, each one of Hardy sums explicitly in terms of Dedekind 
sums and deduced Theorem 2.1 from ( 1.1). 
THEOREM 2.2 (Explicit formulae, cf. [ 19, Theorem 5.11). Let (h, k) = 1. 
Then 
S(h, k) = 8s(h, 2k) + 8s(2h, k) - 20s(h, k) if h + k is odd, (2.5) 
s,(h, k) = 2s(h, k) -4s(h, 2k) if h is even, (2.6) 
s,(h, k) = -s(h, k) + 2s(2h, k) if k is even, (2.7) 
s,(h, k) = 2s(h, k) - 4s(2h, k) if k is odd, (2.8) 
s,(h, k) = -4s(h, k) + 8s(h, 2k) if h is odd, (2.9) 
s,(h, k) = - lOs(h, k) + 4s(2h, k) + 4s(h, 2k) if h + k is even and 
(2.10) 
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Each one of S(h, k) (h +k euen), s,(h, k) (h odd), s,(h, k) 
(k 04, s,(h, k) (k eoen), s,(h, k) (h even), and s,(h, k) 
(h + k odd) is zero. (2.11) 
THEOREM 2.3 (Summation formula). Letf(x, y, z) be any complex valued 
function defined for positive integers x, y, and z. I f  a, b, and c are pairwise 
coprime positive integers, then 
h- 1 [cifh] [u.v/b] 
+ c c c fb,Y,z) 
Proof: Consider the rectangular box (see Fig.1) with edges OA. OB, 
and OC of lengths a, b, and c, respectively. Suppose that to each lattice 
point (x, y, z) in the interior of the box, a weight f(x, y, z) is assigned. 
Clearly, the left-hand side of (2.12) gives the sum of all the weights. On the 
other hand, if we decompose the box into three pyramids OAFGE, 
OBDGF, and OCEGD, then no lattice points lie on the cleaving planes in 
view of (a, b) = (6, c) = (c, a) = 1. Now summing the weights in planes 
parallel to the base of each pyramid, we obtain the right-hand side of 
(2.12). This proves the theorem. 
Remark 2.2. The pyramid decomposition in the proof of Theorem 2.1 is 
geometrically identical to that used by Rademacher and Grosswald (cf. 
[ 18, pp. 8-131) but their argument uses a box with dimensions a, b, and ab 
and consequently some lattice points lie on the cleaving planes also. 
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COROLLARY 2.1 (Three-term polynomial relation). Jf u, h and L’ ure 
pairwise coprime positive integers, then 
ProoJ: Eisenstein’s method of counting lattice points in a rectangle 
gives the following identity for any function f(s, y) defined for positive 
integers x, y, and any coprime positive integers h, k: 
h- I [k.x/h] kp I [hylkl 
(2.13) 
In particular, with f(x, y) = u”z+‘, we obtain 
if (h, k) = 1. The identity (2.14) is originally due to Berndt and Dieter (cf. 
[6]. See also [lo]). Now the corollary follows from Theorem 2.3 on 
setting j(.x, y, 2) = u-?P’MJ’ and using (2.13). Since the calculations are 
straight forward we omit the details. 
Remark 2.3. Carlitz (cf. [9, Eq. (5.1)]) proved the following 
polynomial reciprocity theorem which is equivalent to (2.14). If h and k are 
coprime positive integers, then 
k-l 
(u- 1) C Uk- .r~~Iv[h.~/k-]-~O- 1) ‘1’ vh-.~~~IU[k.~ihl=Uk~I --gh - 1. 
li=l I‘= I 
(2.15) 
Apostol and Vu [ 1 ] gave elementary proofs for the reciprocity relations 
given in (2.1), (2.2), and (2.3). Their proofs are all based on (2.15). We 
note that a similar proof can be given for the reciprocity relation given 
in (2.4). In fact, on differentiating both sides of (2.14) with respect to v, 
multiplying by v and setting u= v = - 1, we obtain (2.4) by a straight 
forward calculation and (2.1) and (2.11). 
3. GOLDBERG'S THREE-TERM RELATIONS 
In this section, we give elementary proofs of Goldberg’s (cf. [14, 
Chap. 51) three-term and mixed three-term relations for Hardy sums. 
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Throughout this section 
We assume that a, b, and c are pairwise coprime positive 
integers and a’, b’, and c’ satisfy au’= 1 (mod b), bb’s 1 
(mod c), and cc’ = 1 (mod a). (3.1) 
THEOREM 3.1 (cf. [ 14, Theorem 5.21). Let a and u’ be even and cc’ = 1 
(mod 2~). Then 
S(bc’, a) + S(ca’, b) + S(ab’, c) = 1. 
Proqfi We need the following 
LEMMA 3.1. Let a, b, and y be positive integers with a +a + y = 0 
(mod 2), (a, y) = 1 and yy’ = 1 (mod a). Further let yy’ = 1 + ct6, y’ + 6 = 1 
(mod 2) und for 1 6 i < a, let j E y’i (mod a). Then 
j+[F]-j+[t]+[t](mod2). 
Proof: Let j = y’i + at so that 
[f]=[y]+bt and [~]=[$]+~t=~i+~t, 
Hence 
=y’j+at+ By’i +pt+di+yt L 1 a 
=i+ y +(a+p+y)t+(y’+J-l) L 1 
and the lemma follows. 
Now to prove Theorem 3.1, we note that b, c, and C’ are odd and 
consequently a + b + c = 0 (mod 2). If cc’ = 1 + ad, then d is even and so 
c’ + d = 1 (mod 2). Hence by Lemma 3.1, 
u-1 0-I 
S(&‘, a) = 1 (_ ,)i+ ’ + [bc’i/al = .x;, ( _ 1 )-r + 1 + CWol + Cc.+l. (3.2) 
i= I 
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Also if au’= 1 + bc, then c is odd and a’ + c z 1 (mod 2). Hence by 
Lemma 3.1, 
h-l h- 1 
S(&, b) = 1 (_ ,)i+ 1 + [~~o’i/bl = C (_ ,)v+ 1 + [v/b] + [d’l. (3.3) 
i= 1 y=l 
Further, if bb’= 1 + CL then b’ +f= bb’- cf= 1 (mod 2). Hence by 
Lemma 3.1, 
c-1 “- 1 
S(&‘, c) = 1 ( _ 1 )‘+ 1 + [ub’i/cl = c ( _ 1 ):+ 1 + ru--i~l + [b=icl, (3.4) 
i= I z = 1 
Now Theorem 3.1 follows on setting U= u = w  = - 1 in the three-term 
polynomial identity given in Corollary 2.1 and on using (3.2), (3.3), and 
(3.4). 
Remark 3.1. In [ 191 it is noted that for h + k odd 
S(h, k) = 4s(h, k) - 8s(h + k, 2k). (3.5) 
Hence by (1.2) (under the hypotheses (1.3’)) and (3.5), Theorem 3.1 is 
equivalent to 
s(ab’+c, 2c)+s(bc’+u, 2u)+s(cu’+b, 2b)= -;+; ;+;+i 
> 
. 
(3.6) 
THEOREM 3.2 (cf. [ 14, Theorem 5.161). Let a and a’ be even and cc’ E 1 
(mod 2~). Then 
s,(ub’+c,2c)+s,(bc’+u,2u)+~,(cu’+b,2b)=-;+$ ;+;+; . 
> 
Proof: By (1.2) (under the hypotheses (1.3’)) and the explicit formula 
(2.7), we see that Theorem 3.2 is equivalent to the identity given in (3.6). 
Thus Theorem 3.2 follows from (in fact, is equivalent to) Theorem 3.1. 
Remark 3.2. Goldberg (cf. [ 14, pp. S&91]) initially observed the 
explicit formula (2.7) and deduced (3.6) from Theorem 3.2. 
THEOREM 3.3 (cf. [14, Theorem 5.61). Let a and a’ be even and cc’= 1 
(mod 2~). Then 
+(ub’, c) +sI(cu’, 6) -; sJbc’, a) =;-&. 
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Proof First we prove (under the stated conditions) that 
U-1 
s,(bc’, u) = 1 ( _ 1 )CW + CWI, (3.7) 
x = 1 
h-l 
s,(ca’,b)= c (-l)~+w~l ) (3.8) 
?=I 
c-1 
s,(&‘,c)= c (-l)~+Ch--i~l (3.9) 
.-=I 
To see (3.7), we have, as in the proof of Lemma 3.1, that for 1 < i < a and 
j = c’i (mod a), 
i+[y]=j+[z]+[:](mod2). 
However, since a is even and c’ is odd, j = c’i = i (mod 2) and consequently 
This gives at once (3.7). 
To prove (3.8), we note that for each i, 1 < i < b, there exists a unique j, 
1 <j< b satisfying a’i =j (mod b); let a’i =j+ bt for some integer t. Then 
[ca’i/b] = [cj/b] + ct. Since a’ is even and b is odd, we have j+ t =j + bt = 
u’i = 0 (mod 2). Then, since c is odd, we obtain [ca’i/b] e [cj/b] + ct E 
[cj/b] +j (mod 2). Moreover, au’= 1 (mod b) implies that ir uj (mod b) 
and so ((i/b)) = ((ajib)). Hence 
s,(cu’, b)= 1 (- l)[cu’r~h] 
i= 1 
Finally, to prove (3.9), we select for each i, 1 6 i < c, an integer j, 
1 <j < c satisfying j = b’i (mod c). Then bj = i (mod c) and ((ub’i/c)) = 
((uj/c)). Also if bj = i + ct, then [bj/c] = t and since b and c are odd, 
j+t-bj-ct-i (mod2) and i-j+t=j+[bj/c] (mod2). Thus 
c-1 
s3(ub’,c)= 1 (-1)’ 
i-1 
c-1 
= C ( _ 1); + Cb=/cl 
:=I 
. 
Now to prove Theorem 3.3, we apply the operator ~(a/&) to both sides 
of the identity in Corollary 2.1 and set u = 1, u = w  = - 1 to obtain 
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u-1 b-l 
.,c, (-l’ 
CbVul+ C4ul _ 2 ,,;, ( _ 1 )Y -- 1 + CrVbl 
<-I 
=(a- ,)(-,)h-‘+c -1. 
z = 1 
On replacing [q/b] and [az/c] respectively with ay/b - ((q/b)) - 4 and 
az/c - ((U/C)) - 4 and noting that b + c is even, this reduces to 
h-l 
s,(bc’,u)+2a 1 (-l)r+C”y’b’ ; -2.y,(cu’, b)+S(c, b) 
,v= I 0 
c-1 
+ za 1 ( _ 1 )-+ IWCI f 
0 
- 2s,(ub’, c) + S(b, c) = a - 1 
:= I 
where in the above, we also used (3.7), (3.8), and (3.9). This, in turn, 
reduces to 
s,(bc’, a) + 2&&c, b) - $(c, b)) - 2s,(ca’, b) + S(c, b) 
+ 2u(s,(b, c) - fS(b, c)) - 2s,(ub’, c) + S(b, c) = a - 1 
in view of 
1;: (-l)~+[‘~‘b’(~)=-)i(c. b)-$S(c, b) 
and 
= s,(b, c) - fS(b. c). 
Now Theorem 3.3 follows from (2.4) and (2.11). 
THEOREM 3.4 (cf. [ 14, Theorem 5.121). Let b be even. Then 
ProoJ The proof is similar to the proof of Theorem 3.3. First we note 
that 
(3.10) 
(3.11) 
(3.12) 
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Now we apply the operator (u(a/&))(w(a/aw)) to both sides of the 
identity in Corollary 2.1 and set u = w  = 1, u = - 1 to obtain 
On replacing [cx/a], [cy/b], [uy/b], and [az/c] respectively with cxju - 
((cxla)) - f,..., and using (3.10), (3.1 l), and (3.12) this reduces to 
c@,(b, a) - &(a, b)) + q Mb, a) - 2.9,(4 b)) 
+ a(s,(b, c) - 2s,(c, b)) + 
- (s,(bc’, a) - 2sz(cu’, b) + s3(ub’, c)) = 
u+c-1 UC 
2 --$ 
Now by (2.2) and (2.11) the theorem follows. 
Remark 3.3. Goldberg’s proofs [ 143 of Theorems 3.1-3.4 are based on 
Berndt’s transformation formulae [S] and are in the spirit of Dieter [12] 
who deduced (1.2) from Dedekind’s transformation formula for Log q(r). 
We note that (1.2) together with the explicit formulae given in (2.6), 
(2.8) and (2.9) shows that Theorem 3.3 is equivalent to 
b c 
s(2ub’, c)+ s(ca’, 2b)+ s(bc’, a)= -i+L+- 
4 6bc 24ca+24ab 
- (3.13) 
where a and a’ are even and cc’ = 1 (mod 2~). 
Similarly (1.2) combined with (2.6), (2.7), and (2.8) shows that 
Theorem 3.4 is equivalent to 
s(2b’u, c) + s(2u’c, b) + s(2c’b, a) = -1 +a + 
b 
-+c (3.14) 
4 6bc 24cu 6ab 
where b is even. We believe that the relations (3.13) and (3.14) are new. 
4. REMARKS 
On takingf(x, y, z) = 1 in our summation formula given in Theorem 2.3 
(or by applying the operator (u(a/au))(v(a/au))(w(a/aw)) to the three-term 
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relation in Corollary 2.1 and setting u = u = w  = 1 ), we obtain, for (a, 6) = 
(6, c) = (c, a) = 1, 
It is apparently well known that (4.1) leads to the reciprocity theorem (1.1) 
and the three-term relation (1.2), and conversely. Carlitz (cf. [8, Eq. (1.2)]) 
deduced (4.1) from ( 1.1) and ( 1.2); he also gave a simple arithmetical proof 
of (4.1). Interesting generalizations of (4.1) can be found in Udrescu [20] 
and Berndt and Dieter [6]. 
The reciprocity theorem (1.1) can also be proved directly, in the spirit of 
the rest of this paper, by applying the operator u(a/&)(u(a/&~))’ to both 
sides of (2.14), setting u = u = 1 and simplifying. 
By applying the operator (u(~/&))2(u(a/&))2(w(d/aw))2 to both sides of 
the three-term polynomial relation given in Corollary 2.1 and setting 
u = u = w  = 1, we get the following identity submitted as a problem by 
Kuipers [ 163. Let a, h, and c be pairwise coprime positive integers. Then 
u- I 
ic, (2i-1) ; 2 ; ‘+b~‘(2j~1)[;]‘[;]2 [1[1 /=I 
+ c (2k-1) “k :;: [cl’[~~=(ii-I)ilh-l)*(c-l)*. 
Berndt and Dieter [6] also proved this identity using Riemann-Stieltjes 
integration. 
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